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THE ISOPERIMETRICAL PROBLEM ON ANY SURFACE. 

Br J. K. Whittemore. 

One of the most famous problems of mathematics is the so-called isoperi- 
metrical problem in the plane : to find among closed curves of given perime- 
ter that enclosing the greatest area. That the solution of this problem is the 
circle was known to Pappus* who wrote about 300 A. D. 

The problem can be solved by the methods of the Calculus of Variations f 
I give here a brief solution of the problem .^stattd in a slightly dift'erent 
form. Let it be required to draw a curve of given h-nuth, i. Iwtvveen two 
given points of the JT-axis (a, 0), and (b, 0), supp(isiiit: 

<h — a < L <r - (Jj — o ) , 

such that the area between the curve and the A'-n\i< >;!iail be a niaxinium. 
Analytically, this is to make the integral /a max'.ntuui, oubject to the condi- 
tion that the integral L shall have a given value, ^\he^e 

I = j y dx, L = I S \ -\- y''^ dju. 

J a J a 

The method of the Calculus of Variations consists in fomiing the integral, 

where \ is an undetermined constant, and then requiring that the first varia- 
tion of U shall vanish. The differential equation that thus results is the 
following : 



d y' 



1 -X-j- -^ = 0. (1) 

The expression -^^ ■— — ^ is the curvature of the curve y = y(x). 



* William Thomson, Pojnilar Lectures and Addresses, vol. 2, p. 578. 

t See e. g. Jordan, Cows d'nnalyse, 2d ed., vol. 3, p. 41)7, where necessary conditions are 
obtained ; Kueser, Lehrbuch der Variationsrechwmg, pp. 123 and 136, where a complete solution 
is given. 

(175) 
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Hence (1) tells us that the radius of curvature of the curve sought is constant 
and equal to \. The solution is then a circle of radius X, which may be de- 
termined so as to make the length of the arc, between the two points, equal 
toL. 

A natural generalization is the same problem on any surface. This I 
shall now consider, proving that the curve sought is, at all points at which 
it has a tangent that turns continuously, of constant geodesic curvature. 
The necessary condition has long since been obtained ; of. for example, 
Knoblauch, Krumme Fllichen, p. 251 ; Kneser, I. c, p. 125, and Darboux, 
TJieorie des surfaces, vol. 3, p. 151. It is my purpose here to give a treatment 
different from those which I have seen, which from the point of view of differ- 
ential geometry is particularly simple. 

We suppose given a surface and on it a curve connecting two of its 
points. Assiune an arbitrary system of curvilinear coordinates (u, v) on the 
surface, and let the coordinates of the given points be (u^, v^) and (u^, Vi) 
respectively ; the equation of the given curve, 

v=f(u). 

The problem before us is to find a curve, v = <#>(«), joining the two given 
points (?<o, Vq) and (Mj, Vi), having a given length L, and such that the area 
of the portion of the surface between the two curves, v =f(^u) and v = </>(!«), 
shall be a maximum. 

The geodesic curvature 1/p^ of a curve on the surface, -v|r(?/( v) — 0, is 
given by the following equation :* 

1 






1 C C -^ 8w ^dn O J- g„ ■^g„ 



^EG-FUdu yJjECi)'-2F'^;^^^GCir ^" \IE{^J''-2Fl'i. + G{fJ 
If for -^(UyV), wc write v — <#>(«), we have for the geodesic curvature 



J^ 1 ( 8 F + G<i>' 8 F<f>' + E 

Pg ~ ^EG- F-^ I 9w ^E+2F4,' + G<t>^ ^^ ^ E + 2 F<i>' + G<f> 



^A 



* Sec Biaiicbi, Differenlialgeometrie, p. 14!). 
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In these equations E, F, and Gf are the coefficients of the linear element of 
(he surface ; that is to say for any curve drawn on the surface, we have 

ds^ = dx^ + df + dz^ = JEdu^ + 2Fdudv + Gdv\ 

The given length L of the curve v = <f>(u) joining the two given points 
is given by the integral, 



L = r y/F+ 2F<f>' + G<f>'^ 



du 



The area / which we wish to make a maximum is given by the double inte- 
gral, 



/= / / ^FG-F^dvdu. 



The unknown function v = 4>{u) will be found by causing to vanish the 
first variation of the integral 

U = r \ r JEG- F^ dv + \ \lE+ 2Fv' + &V* I du, 

Ju„ ^ JAu) > 

where X is a constant. 

The diflferential equation for v = <f>{u) deduced from this condition in the 
Calculus of Variations is the following : 

dE .dF , dO ,, 



dv ^ dv '^ dv ^ d F+ Gv' 



s/FG-F^ + X ''-' ^" £1 x-f — -^^^^ =(^ (2) 

2 V JS^ + 2Fv' + Gv'' "" V i' + 2Fv' + Gv''' 

From this equation we show that the curve v = 4>{u) is of constant 
geodesic curvature. It is the simplification of this proof by means of a suit- 
ably chosen system of curvilinear coordinates that is the main point of this 
paper. 

Consider the difierential equation 

ds"^ = Fdu^ + 2Fdudv + Gdv"^ = 0. 

This equation, being of the first order and of the second degree, may be 
replaced by two equations each of the first order and of the first degree. Let 
the general solutions of these two equations be 

a(M, v) = c, /3(m, v) = c'. 
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The curves represented by these equations are the "minimal curves" of 
the surface. If we choose them as coordinate curves we shall have 

ds^= 2%dad^. 

Suppose by this change of coordinates the equation of the curve v = 4>{u) 
becomes y8 = 0{a)- Then for the geodesic curvature we have 

The differential equation (2) is of the same general form for any system 
of curvilinear coordinates. If we use a and /9 for curvilinear coordinates, it 
becomes : 

Here we may write 

i. /S_A /_1_4. ff^ /JL- 

da y ^'~ da V 0'{a) '^ WS ^'(«) 
and thus (2') assumes the form : 

where 6' is regarded, in the partial differentiations, as a function of a. From 
this equation it follows that 



1 L_r^ /Ii_Aw-^\ 

\ ~ z5v/2 \d^yj 6' 0^^^ J' 



and hence by the aid of (3) we infer that the curve = d(a) has the property 
that 

Pg = \ = const. 

riAItVARD Univbhsity, 

Cambkidgk, Massachusetts. 



